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Lecture Notes, Lectures 12 -13
5. 1 Household Consumption Sets and Preferences
H,i=1,2, .. #H

ie H, XcRY , u:X'>R (fully represents >, ), r' € RY, 1> oV >0 foreachj e F.

X € X', X=(Xy, Xy vy Xyy)
Consumption Sets

(C.1) X"is closed and nonempty.

(C.1) X' RY. X'is bounded below and unbounded above. That is, x € X'and y > x
(the inequality holds co-ordinatewise) impliesy e X'.

(C.I) X' is convex.

X' may be RY.
X=3¥X |

ieH

Preferences

X,y e X', "x z, y"isread "x is preferred or indifferent to y (according to i)."

Utility Function
Let u™ X" — R. Then u"is a utility function.

Definition: We will say that the utility function u"(-) represents the preference order =, if

forall x,y e X", u"(x) >u"(y) ifand only if x =, y. This implies that u"(x) > u"(y) if and only
if xz,yandnot[y =, x].

We will assume there is u': X'-R so that u'() represents ==, .

Read u'(x) > u'(y) wherever you see X =, Y.

Weak monotonicity

(C.1V) (Weak Monotonicity) Letx,y eX', with x >>vy, (thatis, x; >Vi,i=1,...,N).
Then u'(x) > u'(y).
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Continuity _ _
(C.V) (Continuity) u'() is a continuous function. Equivalently, for every x° € X' the sets

Ai(x°) = {xlx e X', x> x°}and Gi(x°) = {xIx e X', x°=. x}are closed. That is, the inverse

i ~i

images of closed subsets of R under u(e) are closed.

Continuity of u'allows us to use Corollary 2.2. What does the continuity assumption rule out?
Lexicographic preferences provide an example of discontinuous preferences (which cannot be
represented by a utility function; certainly not by a continuous utility function).

Example (Lexicographic preferences): > X = (X}, X5, <0y Xo)s Y = (Y1 Yor -or Y-
x> yifx,>y,,or
ifx,=y,,and x,>vy,, or
ifx,=y,,and X,=y,, and X,>y,, and so forth ....
X~y ifx=y.

Strict Convexity of Preferences

(C.VII) (strict convexity of preferences):
u'(x) > u'(y), x 2y, 0 < a < limplies u'(ax + (1-a)y) > u'(y).

5.3 Choice and Boundedness of Budget Sets, E‘(p)

Definition: x is an attainable aggregate consumption if y +r>x>0 wherey € Y and
r e RY is the economy's initial resource endowment, so that y is an attainable production plan.
Note that the set of attainable consumptions is bounded under P.11, P.111, P.V, P.VI.

Choose ¢ € R, so that |x| < ¢ (a strict inequality) for all attainable consumptions x.
Choose ¢ sufficiently large that X'~ {x| xeR", ¢ > [x[} # ¢.

|\7Ii(p) represents i's income as a function of p. We do not need precisely to specify
Mi(p) at this point. When we do, income will be characterized as the value of the household
endowment plus the value of the household share of firm profits = p-r'+Z,a"@(p) .

Bip)={xIxeRN, p-x< M} n{x]||x|<c}
Di(p) ={x|x e Bi(p)n X, x maximizes u'(y) forally € Bi(p)n X'}

Dp) = = D) -

Lemma 5.1: Bi(p) is a closed and bounded (compact) set.

Lemma 5.2: Let M(p) be homogeneous of degree 1. Then §‘(p) and 5‘(p) are homogeneous
of degree 0.
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P={plpeR",p>0,i=123, ..,N, Elpizl}
i=

Positivity of Income

(C.VIIN) Mi(p) > min p-x>0forallpeP

xeXin{ylyeRN clyl}

Example (The Arrow Corner): This example demonstrates the importance of (C.VIII).
(C.VII) is not fulfilled in the example resulting in discontinuous demand.
Xi=R?
r'=(1, 0)
Mi(p)=p-r'.
p°=(01).

Bi(p%) N Xi=f(x,y)lc=x>0, y=0!
pvz(%, 1—%) . prop°.
Bip) N X ={xylp <3y 20c2lyl 20

(c, 0) € Bi(p®) but there is no sequence (x", y*) e Bi(p") sothat (x*, y") > (c, 0) .
For any sequence (x¥, yV) € B'(p¥) so that (x", yV) = Di(pY), (x", yY) will converge to
some (x",0) where 0 < x"< 1. We may have (c, 0) = D'(p®). Hence D'(p) need not be
continuous at p°.  This completes the example.

5.4 Demand behavior under strict convexity

Theorem 5.2: Assume C.I - C.V, C.VII, C.VIIL. Let M (p) be a continuous function for all
peP. Then Di(p) isa well-defined, point-valued, continuous function for all p e P.

Proof: Well defined: Compactness of B (p) n X' and continuity of u'(-).

Unique (point valued): Strict convexity of preferences, C.VII.

Continuous N
C.VIIl = M'(p)>0forallp e P.
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Letp' eP,v=1,23,.., p’ —>p°. Show D'(p) — D(p°). Di(p") is a sequence in a
compact set. Without loss of generality take a convergent subsequence, D'(p") — x°. We must
show that x° = D'(p°). Proof by contradiction.

Definex =  argmin p° e X
xeXin{ylyeRN cxlyl}

p®Di(p°) > p% % (by C.VIII).

|\~/|i V)—pV.&
Let o = min [1, %
P -(D'(p”)—X) J_ _ _
w' = (1- o) X + o’ D(p°). w'— D'(p°) and w' eB'(p")~ X'. Suppose

} . For v large, a"iswell defined. 0 <a'<1. a'— 1. Let

x°=D'(p°). Then u'(D'(p°))>u'(x°). But for v large, u'(w") > u'(D'(p")) by continuity of u' and
the convergence of w'—D(p°), D(p")—x°. This is a contradiction, since D'(p*) maximizes u'()
in B' (p") X. QED

Lemma5.3: Assume C.I-C.V, CVII, C.VIII. Then p-Di(p)< M(p). Further, if
p-D'(p) <M'(p) then [D'(p)|=c.

Proof: Budget or length is a binding constraint --- if not budget, then length.



